Let F be a family of functions meromorphic on the plane domain D, all of whose zeros are multiple. Suppose that f ðkÞ ðzÞ 0 1 for all f A F and z A D. Then if F is quasinormal on D, it is quasinormal of order 1 there.
Introduction
This paper continues our study of the order of quasinormality of families of meromorphic functions on plane domains, all of whose zeros are multiple, initiated in [6] .
Recall that a family F of functions meromorphic on a plane domain D H C is said to be quasinormal on D [2] if from each sequence f f n g H F one can extract a subsequence f f n k g which converges locally uniformly with respect to the spherical metric on DnE, where the set E (which may depend on f f n k gÞ has no accumulation point in D. If E can always be chosen to satisfy jEj a n, F is said to quasinormal of order n on D. Thus a family is quasinormal of order 0 on D if and only if it is normal on D. The family F is said to (quasi)normal at z 0 A D if it is (quasi)normal on some neighborhood of z 0 ; thus F is quasinormal on D if and only if it is quasinormal at each point z A D. On the other hand, F fails to be quasinormal of order n on D precisely when there exist points z 1 ; z 2 ; . . . ; z nþ1 in D and a sequence f f n g H F such that no subsequence of f f n g is normal at z j , j ¼ 1; 2; . . . ; n þ 1.
In [6] , we proved Theorem A. Let F be a quasinormal family of meromorphic functions on D, all of whose zeros are multiple. If for any f A F, f 0 ðzÞ 0 1 for z A D, then F is quasinormal of order 1 on D.
Here we extend this result to derivatives of arbitrary order.
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Theorem. Let k b 1 be an integer. Let F be a quasinormal family of meromorphic functions on D, all of whose zeros have multiplicity at least k þ 1. If for any f A F, f ðkÞ ðzÞ 0 1 for z A D, then F is quasinormal of order 1 on D.
Corollary. Let k and M be positive numbers. Let F be a family of meromorphic functions on D, all of whose zeros have multiplicity at least k þ 1. Suppose that each f A F has at most M zeros on D and that f ðkÞ ðzÞ 0 1 on D. Then F is quasinormal of order 1 on D.
Indeed, it follows easily from Lemma 2 below that F is quasinormal of order no greater than M, so the hypotheses of our Theorem are satisfied. That F need not be normal on D is shown by the following example.
where P kÀ2 is a polynomial of degree k À 2 and A ¼ ð1=k!Þðk=ðk þ 1ÞÞ kþ1 a kþ1 0 0. Then all zeros of f a have multiplicity at least k þ 1 and f ðkÞ a ðzÞ 0 1. However, f a takes on the values 0 and y in any fixed neighborhood of 0 if a is su‰ciently small, so F fails to be normal at 0.
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Notation and preliminary results
Let us set some notation. Throughout, k is a positive integer. We denote by D the open unit disc in C. For z 0 A C and r > 0, Dðz 0 ; rÞ ¼ fz : jz À z 0 j < rg and D 0 ðz 0 ; rÞ ¼ fz : 0 < jz À z 0 j < rg. We write f n ) w f on D to indicate that the sequence f f n g converges to f in the spherical metric uniformly on compact subsets of D and f n ) f on D if the convergence is in the Euclidean metric.
We require the following known results. Lemma 1. Let F be a family of functions meromorphic on D, all of whose zeros have multiplicity at least k, and suppose that there exists A b 1 such that j f ðkÞ ðzÞj a A whenever f ðzÞ ¼ 0. Then if F is not normal at z 0 , there exist, for each 0 a a a k, a) points z n A D, z n ! z 0 ; b) functions f n A F; and c) positive numbers r n ! 0 quasinormality of order 1 for families of meromorphic functions 153 such that r Àa n f n ðz n þ r n zÞ ¼ g n ðzÞ )
w gðzÞ on C, where g is a nonconstant meromorphic function on C, all of whose zeros have multiplicity at least k, such that g # ðzÞ a g # ð0Þ ¼ kA þ 1. In particular, g has order at most 2.
Here, as usual, g # ðzÞ ¼ jg 0 ðzÞj=ð1 þ jgðzÞj 2 Þ is the spherical derivative. This is the local version of [ This is a well-known result of Gu [3] . This follows from Lemmas 6 and 8 of [9] .
Auxiliary lemmas
The proof of the theorem proceeds by a number of intermediate results.
Lemma 5. Let fa j g be a sequence in D which has no accumulation points in D. Let f f n g be a sequence of functions meromorphic on D, all of whose zeros have multiplicity at least k þ 1, such that f ðkÞ n ðzÞ 0 1 for all n and all z A D. Suppose that (a) no subsequence of f f n g is normal at a 1 ; (b) there exists d > 0 such that each f n has a single (multiple) zero on Dða 1 ; dÞ; and
there exists h 0 > 0 such that for each 0 < h < h 0 , f n has a single simple pole on Dða 1 ; hÞ for all su‰ciently large n; and
Proof. It su‰ces to prove that each subsequence of f f n g has a subsequence which satisfies (d) and (e). So suppose we have a subsequence of f f n g, which (to avoid complication in notation) we again call f f n g.
Since f f n g is not normal at a 1 , it follows from Lemma 1 that we can extract a subsequence (which, renumbering, we continue to call f f n gÞ, points z n ! a 1 , and positive numbers r n ! 0 such that
where g is a nonconstant meromorphic function of finite order on C, all of whose zeros have multiplicity at least k þ 1. Since g ðkÞ n ðzÞ ¼ f ðkÞ n ðz n þ r n zÞ 0 1 and g ðkÞ n ) g ðkÞ on the complement of the poles of g, either g ðkÞ 0 1 or g ðkÞ 1 1, by Hurwitz' Theorem. In the latter case, g is a polynomial of degree k and therefore does not have zeros of multiplicity at least k þ 1. Thus g ðkÞ ðzÞ 0 1 on C; so by Lemma 4,
for distinct complex numbers a and b. It now follows from the argument principle that there exist sequences x n ! a and h n ! b such that, for su‰ciently large n, g n ðx n Þ ¼ 0 and g n ðh n Þ ¼ y. Thus, writing z n; 0 ¼ z n þ r n x n , z n; 1 ¼ z n þ r n h n , we have z n; j ! a 1 ð j ¼ 0; 1Þ, f n ðz n; 0 Þ ¼ 0 and f n ðz n; 1 Þ ¼ y.
Let us now assume that (d) has been shown to hold. It follows from Lemma 3 that the pole of f n at z n; 1 is simple. The limit function f from (c) is either meromorphic on Dnfa j g y j¼1 or identically infinite there. Suppose first that it is meromorphic on Dnfa j g 
We have already proved this for i ¼ 0.
We continue by induction. Suppose that (3) holds for i ¼ j and let By the induction assumption, the last term tends to ðz À a 1
where bðz 0 Þ ¼ lim n!y ½ f ðkÀð jþ1ÞÞ n ðz 0 Þ À ðz 0 À a 1 Þ jþ1 =ð j þ 1Þ!. We now show that bðz 0 Þ ¼ 0. If not, take r such that 0 < r < minfjð j þ 1Þ!bðz 0 Þj 1=ð jþ1Þ ; d 0 g. For large enough n, we have 1 2pi
Now the right hand term is zero, since the zeros of ðz À a 1 Þ jþ1 =ð j þ 1Þ! þ bðz 0 Þ are outside Dða 1 ; rÞ. By condition (d), the number of poles in
As for the number of zeros, without loss of generality, we may assume b ¼ 0 in (2) . Then a 0 0, and we have By (b), F n ðzÞ 0 0 on Dða 1 ; dÞ. Applying the maximum principle to the sequence f1=F n g of analytic functions, we see that F n ) y on Dða 1 ; dÞ. We have
It follows from (1), (2) , and (5) that F n ðz n þ r n zÞ ! 1, which contradicts F n ) y near a 1 . Thus the posssibility f 1 y may be ruled out.
We have shown that when (d) obtains, (e) does as well. Now let us show that (d) must hold. Suppose not. Then, taking a subsequence and renum-bering, we may assume that on any neighborhood of a 1 , f n has at least two poles for su‰ciently large n. Keeping the notation established above, let z n; 2 0 z n; 1 be such that f n ðz n; 2 Þ ¼ y and f n has no poles in D 0 ðz n; 1 ; jz n; 1 À z n; 2 jÞ. Write z n; 2 ¼ z n þ r n h Ã n . Then z n; 2 ! a 1 but h Ã n ! y since the right hand side of (2) has but a single simple pole. Set G n ðzÞ ¼ f n ðz n; 1 þ ðz n; 2 À z n; 1 ÞzÞ ðz n; 2 À z n; 1 Þ k :
Since z n; 2 À z n; 1 ! 0, G n ðzÞ is defined for any z A C if n is su‰ciently large; and G ðkÞ n ðzÞ 0 1. Note that G n ð1Þ ¼ y. Also, G n ð0Þ ¼ y G n z n; 0 À z n; 1 z n; 2 À z n; 1 ¼ 0 and z n; 0 À z n; 1 z n; 2 À z n;
so fG n g is not normal at 0. On the other hand, for n su‰ciently large, G n has only a single zero (which tends to 0 as n ! y) on any compact subset of C. Since G 0 n ðzÞ 0 1, it follows from Lemma 2 that fG n g is normal on Cnf0g. Taking a subsequence and renumbering, we may assume that G n ) w G on Cnf0g. Since G n has only a single pole on D, conditions (a), (b), (c), and (d) hold for the sequence fG n g (defined, say, on Dð0; 2ÞÞ with a 1 ¼ 0 and d ¼ 1. Thus, by the first part of the proof, GðzÞ ¼ z k =k!. But this contradicts Gð1Þ ¼ y. This completes the proof of Lemma 5.
Definition. Let z 1 ; z 2 A C and putz z ¼ ðz 1 þ z 2 Þ=2. We say that ðz 1 ; z 2 Þ is a k-nontrivial pair of zeros of f if (i) f ðz 1 Þ ¼ f ðz 2 Þ ¼ 0 and (ii) there exists z 3 such that jz 3 Àz zj < jz 1 À z 2 j and j f 0 ðz 3 Þj=jz 1 À z 2 j kÀ1 > 1. Note that (ii) is equivalent to (ii 0 ) there exists z Ã such that jz Ã j < 1 and jh 0 ðz Ã Þj > 1, where
Our next result deals with the situation in which the functions f n have more than a single zero in each neighborhood of a point of non-normality. Lemma 6. Let f f n g be a sequence of functions meromorphic on D, all of whose zeros have multiplicity at least k þ 1, such that f ðkÞ n ðzÞ 0 1 for all n and all z A D. Suppose that (a) no subsequence of f f n g is normal at z 0 , and (b) for each d > 0, f n has at least two distinct zeros on Dðz 0 ; dÞ for su‰ciently large n. Then for each d > 0, f n has a k-nontrivial pair ða n ; c n Þ of zeros on Dðz 0 ; dÞ for su‰ciently large n, and f n ðd n þ ða n À c n ÞzÞ
Proof. As in the proof of the previous lemma, it follows from (a) and Lemmas 1 and 4 that for each subsequence of f f n g there exists a (sub)subsequence (which, renumbering, we continue to denote by f f n gÞ, points z n ! z 0 , numbers r n ! 0 þ , and distinct a; b A C such that
Thus there exist x n ! a, h n ! b so that a n ¼ z n þ r n x n ! z 0 , b n ¼ z n þ r n h n ! z 0 and g n ðx n Þ ¼ f n ða n Þ ¼ 0, g n ðh n Þ ¼ f n ðb n Þ ¼ y for n su‰ciently large.
By assumption, there also exists c n 0 a n , c n ! z 0 , such that f n ðc n Þ ¼ 0. Thus c n ¼ z n þ r n x Ã n and x Ã n ! y by (6) . Setting d n ¼ ða n þ c n Þ=2, we see that the function h n ðzÞ ¼ f n ðd n þ ða n À c n ÞzÞ ða n À c n Þ k is defined for any z A C if n is su‰ciently large. We claim that fh n g is not normal at z ¼ 1=2. Indeed, we have
so fh n g fails to be equicontinuous in a neighborhood of 1=2. It follows from Marty's Theorem that Thus ða n ; c n Þ is a k-nontrivial pair of zeros of f n for n su‰ciently large.
Lemma 7. Let f f n g be a sequence of functions meromorphic on D, all of whose zeros have multiplicity at least k þ 1, such that f has at least two distinct zeros on Dðz 0 ; dÞ for su‰ciently large n, where d n ¼ ða n þ c n Þ=2; and (b) no subsequence of fh n g is normal at z 0 . Then for n su‰ciently large, f n has a k-nontrivial pair of zeros ðz Ã n; 1 ; z Ã n; 2 Þ such that z Ã n; j ! d ð j ¼ 1; 2Þ and jz Ã n; 1 À z Ã n; 2 j < ja n À c n j.
Proof. As before, it follows from Lemmas 1 and 4 that to each subsequence of fh n g there corresponds a subsequence (which we continue to write as fh n gÞ, z n ! z 0 , and r n ! 0 þ such that
Thus there exist x n; 0 ! b, x n; 1 ! a so that z n; j ¼ z n þ r n x n; j ! z 0 ð j ¼ 0; 1Þ and g n ðx n; 0 Þ ¼ h n ðz n; 0 Þ ¼ y, g n ðx n; 1 Þ ¼ h n ðz n; 1 Þ ¼ 0. By (a), there exist z n; 2 ! z 0 , z n; 2 0 z n; 1 , such that h n ðz n; 2 Þ ¼ 0. Setting z n; 2 ¼ z n þ r n x n; 2 , we have x n; 2 ! y. Now put
Then fG n g is not normal at z ¼ 1=2. Indeed, G n 2x n; 0 À x n; 1 À x n; 2 2ðx n; 1 À x n; 2 Þ ¼ y; G n ð1=2Þ ¼ 0:
Since ð2x n; 0 À x n; 1 À x n; 2 Þ=2ðx n; 1 À x n; 2 Þ ! 1=2, fG n g is not equicontinuous at z ¼ 1=2. As before, it follows from Marty's Theorem that ðz so that (cf. [10, p. 217]) f would have order at most 2, a contradiction. In particular, there exist z
Then no subsequence of f f n g is normal at 0. Suppose there exists d > 0 such that f n has only a single (multiple) zero x n on Dð0; dÞ. Since no subsequence of f f n g is normal at 0, x n ! 0 by Lemma 2. Thus, again by Lemma 2, f f n g is normal on D 0 ð0; dÞ. It follows from Lemma 8 that there exist n 1 < n 2 < Á Á Á such that for any a A C, f n j À a has at most k þ 1 zeros (counting multiplicity) on Dð0; d=2Þ. Thus, for large enough j, SðDðz n j ; e n j Þ; f Þ a SðDð0; d=2Þ; f n j Þ a k þ 1 which contradicts (7).
Thus, for each d > 0, f n has at least two distinct zeros on Dð0; dÞ for sufficiently large n. The result now follows immediately from Lemma 6.
Proof of the Theorem
Suppose the Theorem is false. Then there exists a sequence fa 
We may assume that a 
, a contradiction. Therefore, one may suppose that for any d > 0, f n has at least two distinct zeros on Dð0; dÞ for su‰ciently large n. By Lemma 6, f n has a k-nontrivial pair of zeros in Dð0; dÞ for n large enough. Therefore, some subsequence of f f n g (which, as usual, we continue to call f f n gÞ has a k-nontrivial pair of zeros ðz n ; w n Þ such that jz n j < 1=n, jw n j < 1=n. There exist d 0 > 0 and 1 < s < 2 such that f n ) w f on D 0 ð0; 2d 0 Þ and f does not vanish for d 0 a jzj a sd 0 . For 1=n < d 0 , let ða n ; c n Þ be a k-nontrivial pair of zeros of f n in Dð0; d 0 Þ whose distance is minimal. Clearly, a n À c n ! 0. Set d n ¼ ða n þ c n Þ=2. Then d n A Dð0; d 0 Þ; and, passing to a subsequence, we may assume that d n ! a, so jaj a d 0 . Since f and f n have no zeros on fz : d 0 a jzj a sd 0 g if n is large enough, ða n ; c n Þ is a k-nontrivial pair of zeros of f n on Dð0; sd 0 Þ whose distance is minimal. Set h n ðzÞ ¼ f n ðd n þ ða n À c n ÞzÞ
Then for each z A C, h n ðzÞ is defined if n is su‰ciently large. Clearly, all zeros of h n have multiplicity at least k þ 1 and h ðkÞ n ðzÞ 0 1. We claim that no subsequence of fh n g is normal on C. Otherwise, taking a subsequence and renumbering, we would have h n ) w h on C. Since ða n ; c n Þ is a k-nontrivial pair of zeros of f n , h n ðG1=2Þ ¼ h It follows easily that h ðkÞ ðzÞ 0 1 on C and that h is nonconstant. Since all zeros of h have multiplicity at least k þ 1, Lemma 4 shows that h must be transcendental. It then follows from Lemma 9 that there exist infinitely many knontrivial pairs ðx j ; h j Þ of zeros of h such that x j ! y and x j À h j ! 0, and z
Then there exist x n; j ! x j and h n; j ! h j such that for n su‰ciently large, h n ðx n; j Þ ¼ h n ðh n; j Þ ¼ 0 and jz Ã j À ðx n; j þ h n; j Þ=2j < jx n; j À h n; j j. Put
x n; j þ h n; j 2 < ja n À c n j jx n; j À h n; j j ¼ jx
where x Ã n; j ! a, h Ã n; j ! a and jaj < sd 0 ; also, for n su‰ciently large,
We conclude that ðx Ã n; j ; h Ã n; j Þ is a k-nontrivial pair of zeros of f n on Dð0; sd 0 Þ. However, jx Ã n; j À h Ã n; j j ¼ ja n À c n j jx n; j À h n; j j < ja n À c n j if n is su‰ciently large. This contradicts the fact that ða n ; c n Þ is a k-nontrivial pair of zeros of f n in Dð0; sd 0 Þ whose distance is minimal.
Thus no subsequence of fh n g is normal on C. Let E be the set on which fh n g is not normal. Suppose that for each z A E, there is a neighborhood on which h n has only a single (multiple) zero for su‰ciently large n. Then by Lemma 2, fh n g is quasinormal at each point of E and hence on all of C. Let z 0 A E. Taking a subsequence, we may assume that no subsequence of fh n g is normal at z 0 and that fh n g converges locally spherically uniformly on CnE 0 , where E 0 H E is a discrete set containing z 0 . By Lemma 5, h n ) w ðz À z 0 Þ k =k! on CnE 0 . Taking additional subsequences and diagonalizing, we may assume that no subsequence of fh n g is normal at any point of E 0 . We claim that E 0 ¼ fz 0 g. Indeed, otherwise there exists z 1 A E 0 , z 1 0 z 0 ; then, as before, it follows from Lemma 5 that h n ðzÞ ) w ðz À z 1 Þ k =k! on CnE 0 , so that z 1 ¼ z 0 , E 0 ¼ fz 0 g, and h n ðzÞ ) w ðz À z 0 Þ k =k! on Cnfz 0 g. But this contradicts h n ðG1=2Þ ¼ 0. Hence there exists z 0 A E such that for each d > 0, there is a subsequence of fh n g (which we continue to call fh n g) such that each h n has at least two distinct zeros in Dðz 0 ; dÞ for su‰ciently large n. Then by Lemma 7, for n su‰ciently large, f n has a nontrivial pair of zeros ðw Ã n; 1 ; w Ã n; 2 Þ such that w Ã n; j ! a ð j ¼ 1; 2Þ and jw Ã n; 1 À w Ã n; 2 j < ja n À c n j. This contradicts the fact that ða n ; c n Þ is a nontrivial pair of zeros of f n in Dð0; sd 0 Þ whose distance is minimal.
